Abstract. The bondage number b(G) of a graph G is the smallest number of edges whose removal from G results in a graph with larger domination number. An orientable surface S h of genus h, h ≥ 0, is obtained from the sphere S 0 by adding h handles. A non-orientable surface N q of genus q, q ≥ 1, is obtained from the sphere by adding q crosscaps. The Euler characteristic of a surface is defined by χ(S h ) = 2 − 2h and χ(S q ) = 2 − q. Let G be a connected graph of order n which is 2-cell embedded on a surface M with χ(M) = χ. We prove that b(G) ≤ 7 + i when M = N i , i = 1, 2, 3, and b(G) ≤ 12 when M ∈ {N 4 , S 2 }. We give new arguments that improve the known upper bounds on the bondage number at least when −7χ/(δ(G)−5) < n ≤ −12χ, δ(G) ≥ 6, where δ(G) is the minimum degree of G. We obtain sufficient conditions for the validity of the inequality b(G) ≤ 2s− 2, provided G has degree s vertices. In particular, we prove that if δ(G) = δ ≥ 6, χ ≤ −1 and −14χ < δ − 4 + 2(δ − 5)n then b(G) ≤ 2δ − 2. We show that if γ(G) = γ = 2, where γ(G) is the domination number of G, then n ≥ γ + (1 + √ 9 + 8γ − 8χ)/2; the bound is tight. We also present upper bounds for the bondage number of graphs in terms of the girth, domination number and Euler characteristic. As a corollary we prove that if γ(G) ≥ 4 and χ ≤ −1, then b(G) ≤ 11 − 24χ/(9 + √ 41 − 8χ). Several unanswered questions are posed.
The girth of a graph G, denoted as g(G), is the length of a shortest cycle with larger domination number. We refer the reader to [30] for a detailed survey 41 on this topic. In general it is NP -hard to determine the bondage number (see 42 Hu and Xu [11] ), and thus useful to find bounds for it.
43
The main outstanding conjecture on the bondage number is the following: 
Preliminary results

79
We need the following notations and definitions.
80
•
88
Theorem A. If G is a nontrivial graph, then
90
(ii) (Hartnell and Rall [8] 
91
By Theorem A and the above definitions we have b 2 (G) ≤ b 3 (G) and
Note that, if a graph G has no triangles then
93
Theorem B (Samodivkin [24] ). Let G be a connected graph embeddable on a
94
surface M whose Euler characteristic χ is as large as possible and let g(G) = g.
95
If χ ≤ −1 then:
.
98
The same upper bound for b(G), in case when g ∈ {3, 4}, is obtained by 99 Gagarin and Zverovich [6] . 
Theorem D (Samodivkin [23] 
112
Lemma F (Sachs [22] , pp. 226-227). Let G be a connected graph embeddable
117
Proof of Lemma 2. Case 1: A graph G is connected. Then there is a surface 118 M 1 on which G can be 2-cell embedded. Since clearly gf (G) ≤ 2 G , by (1)
G , and the 120 result easily follows.
121
Case 2: A graph G is disconnected. Then there is a connected supergraph
125
The next lemma is fairly obvious and hence we omit the proof.
126
Lemma 3 (J. van den Heuvel [14] ). Let G be a connected graph 2-cell embedded 
The next two corollaries immediately follow from Theorem 4.
138
Corollary 5. Let G be a connected graph 2-cell embedded in M ∈ {S p , N q }. 
150
Hence we may conclude that Conjecture 1 is true whenever G is as in Corol-151 lary 6 and 4δ(G) − 4 ≤ 3∆(G).
152
Remark 7. Let G be a connected graph 2-cell embedded in a surface M with 
There are infinitely many planar graphs G without degree δ for which B ′ (G) = 2δ
One such a graph is depicted in Figure 1 .
163
Notice that for a planar graph G without degree 5 vertices, the inequalities respectively.
166
By Theorem 8 and Corollary 5(i) it immediately follows: and independently obtained by Gagarin and Zverovich [7] and by the present 184 author [24] .
185
It is well known that the non-orientable genus of K 6 is 1 [20] . Hence by
186
Theorem E we obtain:
187
Proposition 10. There exist projective-planar graphs with bondage number 6.
188
In particular, b(K 6 • K 1 ) = 6.
189
Corollary 9 and Proposition 10 show that the maximum value of the bondage 190 number of projective-planar graph is 6, 7 or 8. 
197
It is an immediate consequence of Eulers formula that any 6-regular graph 
240
Lemma 18. Let G be a connected graph 2-cell embedded in a surface U. Let
an independent dominating set in V ≤s , G . Then V ≤s−1 ⊆ I and there is a
E(G k ) and the following hold:
Proof. Since B ′ (G) ≥ 2s − 1, the following claim is valid.
253
Hence V ≤s−1 ⊆ I and d G (x, y) ≥ 3 whenever x = y, x ∈ V ≤s and y ∈ V ≤s−1 .
254
Since G is 2-cell embedded, using Lemma 3 consecutively k times we obtain the
where F r ⊆ {xy | x, y ∈ N G (x r ), x = y, xy ∈ E(G r−1 )}, such that G r is still a 2- G k and by Claim 1. 273 (a) δ(H) = s, I s = V s (H) and I s is an independent set of H.
By Lemma 2 and Claim 2 it follows that 
By (3) and (4) it follows
Since |H| = |G| − |V ≤s−1 |, we finally obtain xy ∈ E(G k ) − E(G) implies both x and y are in N G (u) for some u ∈ V ≤s (G).
295 then x r belongs to a triangle of G k , r = 1, 2, . . . , k.
296
Claim 3.
by Claim 3 it follows δ(H) ≥ s + 1 -a contradiction.
308
(b) The result immediately follows by (a) and Lemma F.
309
Proof of Corollary 11. If δ(G) ≥ 6 then G is a 6-regular triangulation as it 310 follows by the Euler formula; hence B ′ (G) = 9. If V 5 (G) is not empty then 
has minimum degree at least 6 and maximum degree at least 7
318
-again a contradiction with Lemma 2.
319
Proof of Proposition 13. By Theorem D and Theorem A it follows that µ(G) ≤ 
367
(ii) If γ(G) = γ = 2 then 368 (7) n ≥ γ + (1 + 9 + 8γ − 8χ(M))/2, and
371
(i) If H is a graph with γ(H) = 2, |H| = n and maximum number of 372 edges then its complement is a forest in which each component is a star [27] .
373
This implies n(n − 1)/2 − ⌈n/2⌉ = H ≥ G . Hence n − n(n − 1)/2 + 374 ⌈n/2⌉ + 1 ≤ χ(M). Equivalently, n 2 − 4n + 2χ(M) − 2 ≥ 0 when n is even and 375 n 2 − 4n + 2χ(M) − 3 ≥ 0 when n is odd. Since n ≥ 2, the result easily follows.
376
(ii) Since G ≤ (n − γ + 1)(n − γ)/2 (by Theorem G when γ ≥ 3), we have 377 2χ(M) ≥ 2n − (n − γ + 1)(n − γ) + 2, or equivalently 378 n 2 − (2γ + 1)n + γ 2 − γ − 2 + 2χ(M) ≥ 0 and
Solving these inequalities we respectively obtain (7) and (8), because n ≥ 2γ
(by Theorem H).
381
Next we show that the bounds in Proposition 19(ii) are tight. Let a graph G 382 have property (P 1 )(Theorem G) and in addition δ(G) ≥ 4, |G| = n = γ +i+4t,
383
where t ≥ γ = γ(G) ≥ 4, i = 1 when γ is odd, and i = 2 when γ is even. If have equalities in (7) and (8).
389
Combining Theorem B(i) and Proposition 19 we immediately obtain the fol-
390
lowing results on the average degree of a graph.
391
Corollary 20. Let G be a connected graph 2-cell embedded in a surface M with
when |G| is even, and
The next theorem follows by combining TheoremB(ii) and Corollary 20. of a graph G is not more than 3.
413
Theorem I (Teschner [28] ). Let G be a connected graph. 
∆(G).
418
Hence it is naturally to turn our attention toward the graphs with the dom- γ ≥ 4 and χ ∈ {−2, −3, . . . , −23} .
For the sake of completeness we add the upper bounds presented in section 
